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We consider a D -dimensional model of gravity with non-linear "scalar fields" as 
a matter source. The model is defined on the product manifold M , which contains 
n Einstein factor spaces. General cosmological type solutions to the field equations 
are obtained when n — 1 factor spaces are Ricci-flat, e.g. when one space Mi of 
^ I dimension di > 1 has nonzero scalar curvature. The solutions are defined up to 

solutions to geodesic equations corresponding to a sigma model target space. Several 
examples of sigma models are presented. A subclass of spherically symmetric solutions 
Ps| I is studied and a restricted version of "no-hair theorem" for black holes is proved. For 

• the case di = 2 a subclass of latent soliton solutions is singled out. 

O . 

O 1 Introduction 

^ I A lot of gravitational models (including scalar-tensor theories and supergravity ones), when 
required solutions have enough space-time symmetries, can be reduced to an effective model 
with "scalar fields" governed by a sigma model action, see (HEHSHUEIEIITIIH] and references 
therein. 

Here we consider a gravitational model governed by a Lagrangian in D dimensions 



X 



C = R[g] - haM9''''dMV"dNv\ (1-1) 

where g is a. metric and non-linear "scalar fields" come to the Lagrangian in a 
sigma model form with a certain target space metric h assumed. In higher dimensional 
gravitational theories the above model first appeared in connection with spontaneous com- 
pactification of the extra dimensions [9l [10] . 

The Lagrangian (11. ip (e.g. with hah = const ) describes the truncated sectors of various 
3 < D < 10 supergravity theories in the Einstein frame [11]. Usually these theories contain 
form-fields (fluxes) in addition to massless scalar fields and Chern-Simons (CS) terms. In 
this sense, the Lagrangian (II. ip for D > ?> (e.g. with hab = const ) matches zero flux (and 
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CS) limit. For D = ?> the Lagrangians of such types are generic ones when dimensional 
reductions of (bosonic sectors of) supergravity models are considered, see [11 [21 [6l [7] and 
refs. therein. In higher dimensional gravitational theories the above model first appeared in 
connection with spontaneous compactification of extra dimensions [9l [TO] . 

Here we deal with cosmological type solutions defined on a product of n Einstein spaces 
(e.g. Ricci-flat ones). The integrable cosmological configurations were studied in numerous 
papers, see [H], |15] (without scalar fields), [ISl [13 [HI [19] (with one scalar field), [201 [HI [22] 
etc. However, the authors of these papers restricted their attention to a linear sigma model 
for which components hab are constant. Here we will study the solutions for hab{'^) with 
arbitrary dependence on if"" (e.g. for a non-linear sigma model). 



2 The model 

We start by considering the following action 

S=7^ [ d'^x^MlRlg] - Kbi^)g''^dM^''dN^'} + Sygh, (2.1) 

where is a D -dimensional gravitational coupling, g = QMNdx'^^ ® dx^ is a metric 
defined on a manifold M , if : M ^ is a smooth sigma model map and is a / - 
dimensional manifold (target space) equipped with the metric h = hab{<f)d(f°' ^ dip^ ( are 
coordinates on M^). Here Sygh is the standard York-Gibbons-Hawking boundary term 



The field equations for the action (12.11) read as follows 



Rmn — -QmnR — Tmn, (2.2) 



1 a f„MN /TZlu ,^b\ ^dhbcif)^, _ba .^cKL 



-dMig^'"" ^/\g\hab{v)dNVl - -^^dK^'dL^'g"^ = 0, (2.3) 
g\ 2 Oif"- 



where 



Tmn = hab{f)dM<f''dNf' - hab{'p)gMNdK<f''dL'p'g'''' (2.4) 
is the stress-energy tensor. 

Here we consider a cosmological type ansatz for the metric and "scalar fields" 



^ = u;e'TWdu®rfu + ^e2^'(")^\ (2.5) 

i=l 



= ^%u), (2.6) 



where w = ±1 , i = 1, . . . ,n . 

The metric is defined on the manifold 
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M = X Ml X . . . X M„, (2.7) 

where = and any factor space Mj is a cij -dimensional Einstein manifold 

with the metric (?* obeying 

Rm.nXg'] = iialn^m^ (2-8) 

Z = 1, . . . , 77, . 

To find solutions for the equations fl2.2l) - fl2.3p seems to be complicated due to the non- 
linear structure of the Einstein equations and intricacy having scalar fields. However it may 
be shown that the field equations for the model (12. ip with the metric and " scalar fields" from 
(12. 5p and (12.61) are equivalent to the Lagrange equations corresponding to the Lagrangian of 
the one-dimensional (n + /) -component modified cr -model 



L = -M-^[G,,P'P^ + KMrA - ^V^- (2.9) 



Here = exp(7 — 70) > is a modified lapse function, 70 = diP^ 



i=l 



Gij = diSij - didj, (2.10) 

i,j = 1, . . . ,n, are components of the gravitational part of the minisuperspace metric 
[23] and 

n 

V, = ^J2^Ae-''^^'-^ (2.11) 

i=l 

is the potential. Here and in what follows A = ^ . 

For the constant hab{^) = hat the reduction to the sigma model was proved (for more 
general setup) in [3J. We note that here hah{^) can be interpreted as a scalar part of the 
total target space metric. 

When all M, have finite volumes the substitution of (12.50 and (12. 6p into the action (I2.ip 
gives us the following relation 

S = fx j Ldu (2.12) 

n „ 

where L is defined in (12. 9p . jj, = ' ^^"^ ^ = / d'^'^y (^-^ det ((^minj) is the 

^ i=l 

volume of , i = 1, . . . ,n . 

The relation (I2.12p can be derived using the following expression for the scalar curvature 

R = -we-'^ (270 - 2707 + io + Y. {^') ) + E ^''^^^19% (2-13) 

i=l i=l 

where R[g^] = C,idi is the scalar curvature corresponding to the Mj -manifold. 
To obtain (]2.12p from (12. ID (for compact Mj ) one should extract the total derivative 
term in (12.130 which is cancelled by the York-Gibbons-Hawking boundary term. 
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We write the Lagrange equations for fl2.9p and then put M = 1 , or equivalently 7 = 7o , 
i.e. when m is a harmonic variable, as in [21]. We get 

n 

G,jf3^ +wJ2 iM-^l + di)e-^^'^^^^' = 0, (2.14) 
Tu 2^^^^=°' 

a = 1, . . . , Z , and 

+ ^hativW^' + V^ = 0. (2.16) 

In fact, equations f l2.14p are nothing else but Lagrange equations corresponding to the 
Lagrangian 

Lp = Ig,jP'^^-V^ (2.17) 

with the energy integral of motion 

Ep = ^G,,l3'p^ + Vi:. (2.18) 

Likewise fl2.14p . the equations fl2.15p are Lagrange equations corresponding to the La- 
grangian 

= (2.19) 

with the energy integral of motion 

= ^/i,fe(y^)0V'- (2.20) 

Equations fl2.15p are equivalent to geodesic equations corresponding to the metric h . 
The relation fl2.16p is the energy constraint 

E = E^ + E^ = 0, (2.21) 

coming from OL/dM = (for A/" = 1 ). 

Equations (I2.14p can be rewritten in a equivalent form 

f3' - <ie-2^'+2^o = 0, (2.22) 

i = 1, ... ,77, . These expressions may be obtained from fl2.14p by using the inverse matrix 
= (G,,)-i : 

S'^ 1 

G'^ = — + (2.23) 

di 2-D ^ ' 

and the following relations for u^''^ -vectors: 

«f') = -61 + d„ u^'^^' = G'^uf = (2.24) 

(Xi 



= l,...,n. 

In what follows we will use the following formulae 



{u^'\ u^'^) = G'^v^Sf = ^ - 1, (2.25) 

dk 

k = 1, . . . ,n . 

Hence the problem of finding the cosmological type solutions for the model (12. ip (with u 
being harmonic variable) is reduced to solving the equations of motion for the Lagrangians 
and with the energy constraint (12.211) imposed. 
Geodesies for a fiat metric h . 
For the constant hab{^) = hab eqs. (I2.15p read 

= 0, (2.26) 

or, equivalently, 

y.'^ = t;> + y.S, (2.27) 

where and (p^ are integration constants, a = 1, ... ,1 . 
The energy for scalar fields (I2.20p takes the form 



= IhabV^vl. (2.28) 



2 

More examples of geodesic solutions will be given in Section 4. 



3 Cosmological type solutions 

In this section we deal with certain examples of cosmological type solutions with the metric 
and "scalar fields" from (12. 5p and (12.60 . respectively. 

3.1 Solutions with n Ricci-fiat spaces 

Here we focus on the solutions for the case when all factor spaces Mj are Ricci-flat: 

Ric^] = 0, (3.1) 

z = 1, . . . , n . 

Due to (13.11) the potential is equal to zero and the equations of motion (I2.22p for /3* 
now become 

13' = 0, (3.2) 

i = 1, . . . , n . 

Integration of the equations (13.21) yields 

n 

P^ = y^u + fil 7o = 5Zc?^(t^'w + /3^), (3.3) 

i=l 
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where the parameters and /3q are integration constants and the energy 02.181) takes 
the form 

= \Grjv'v^, (3.4) 

where the minisuperspace metric Gij is given by fl2.1Up . 
The metric reads 

n n 

g = wexp[2^di{v'u + /3'Q)]du (g) du + ^exp[2{v'u + /3'Q)]g\ (3.5) 

1=1 i=l 

The "scalar fields" obey eqs. (12.151) with the energy constraint 

= i/i„,(y.)v9V' = -^G.^-^V- (3.6) 

In a special case of one (non-fantom) scalar field ( hu = 1 ) and w = —1 this solution 
was obtained in [16]. For solutions with several scalar fields and constant hab see |20| [2T]. 
The scalar curvature for the metric (13. 5p reads (see (I2.13P ) 

R[g] = -w {Gijv'v^) e-^"">. (3.7) 
In what follows we use a parameter 



S = S(t;) = ^c/ii;^ (3. 



i=l 



to classify the solutions. 



Non-special Kasner-like solutions. 

We shall first consider the non-special case when T,{v) ^ . 
Let us define a "synchronous" variable 

r = exp [J2yu + ^i)dj\ (3.9) 

obeying e^^^^^^rfu^ = rfr^ . 
We introduce new parameters: 

a' = v'/E{v), (3.10) 

i = 1, . . . ,n , and 



8^ = E^/{nv)?. (3.ii; 

Then the metric reads 



^ = w;dr®r + ^c,V°'c/\ (3.12) 



i=l 
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r > . "Scalar fields" are solutions to equations of motion (see f l2.15p ) 



d 



dip'' 
dr 



l^ dKbjip) dip'' dip'' _ ^ 
2^ dip'' dr dr ~ ' 



1, / . The parameters fl3.10p obey the Kasner-like conditions 



(3.13) 



n 



a 



i=l 
i\2 



a 



2S, 



1=1 



where 



2£^ = T^hab{<p) 



dip'' dip'' 
dr dr ' 



is the integral of motion for eqs. fl3.13p . 
In fl3.12p Ci are constants 



exp 



i = 1, . . . ,n , obeying Y\ = |S( 

i=l 

Flat h . For the special case of a flat target space metric hab{<p) = hab we get 

y.'^ = a^lnr + ^S, 
where <^q are constants, a = 1, . . . , / , and 



(3.14) 
(3.15) 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



-haba^a^. 

The scalar curvature (13.70 reads in this case 

R[g\ = 2w£^T-''. 

It diverges for r — > +0 if £^ ^ Q . Hence all solutions with £^ ^ Q are singular. 

Let £u, = . For Milne-type sets of parameters, i.e. when di = 1 and a* = 1 for some 



(3.20) 



a-' 



for all j i) the metric is regular, when either (i) g 



(i) = - 



wdy^ (g) dy^ , Mj 



( — oo < < +00 ), or (ii) = wdy^ ® dy^ , Mj is a circle of length Lj ( < < Lj ) and 
CjLj = 2tt (i.e. when the cone singularity is absent). 

For £^ = the solutions with non-Milne-type sets of the Kasner parameters are singular 
(at least) if the Riemann tensor squared for metrics g'' obeys: i?m-„^p.g.i?'"'"^P'''^[5f*] > Ci , 
for some Q . (For di = 1,2,3 Rm,n,pm[9'] = 0, e.g. due to RmrnAo'] = for di = 2,3.) 
This is valid since the Riemann tensor squared for the metric g is divergent at r = +0 in 
this case, see 1:2 
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Special (steady state) solutions. 

Now we consider the special case when T,{v) = . Due to (I3.6P we obtain 



E^ = ~J2d^{vr<0. (3.21) 

i=l 

n 

We get in this case 70 = di(3Q = const and hence the scalar curvature 

i=l 

R[g] = 2wE^e-^'^° (3.22) 

and the volume scale factor v = e"'° are constants. 

The "synchronous" variable is proportional to m (t = e'°u). 

Hence, we obtained a restriction for the energy < . For E^p = all f * = and we 
are led to a static Ricci-flat solution. 

This possibility occurs if the target space metric h is not positive-definite (e.g. there 
are phantom scalar fields for flat h). The solutions of such type with one (phantom) scalar 
field were considered in [16]. (They are called as steady state solutions, see [IB].) 

Solutions with acceleration. Let rfi = 3 and Mi = . The factor space Mi 
may be considered as describing our space. In both cases there exist subclasses of solutions 
describing accelerated expansion of our space. 

Indeed, for Kasner-like solutions with w = —1 one could make a replacement r 1— )■ tq — r 
where tq is a constant (corresponding to the so-called "big rip"). For such replacement the 
scale factor of Mi reads 

ai(r) = Ci(ro-r)"S (3.23) 

ci > . For «! < we get an accelerated expansion of "our space" Mi . 

Analogous consideration may be carried out for special (steady state) solutions. For 
w = —1 , di = 3 and > we get an accelerated expansion of 3-dimensional factor space 
Ml. 

3.2 Solutions with one curved Einstein space and n — 1 Ricci flat 
spaces 

Here we put 

mc[g']=^ig\ eiT^O, Ric[g'] = 0, i > I, (3.24) 

i.e. the first space {Mi,g^) is an Einstein space of non-zero scalar curvature and other 
spaces {Mi,g^) are Ricci- fiat. 

The Lagrangian fl2.17p reads in this case 

1 • • 11) 

Lp = -G,,I3^I3^ - -^idi exp (-2/3^ + 270), (3.25) 
where —fi^ + 7o = u'P (i^ and u'P = —6} + di . 
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The Lagrange equations corresponding to the Lagrangian fl3.25l) are integrated in Ap- 
pendix. The solution reads 

'^' = r3^1^l^l+^'" + ^o, (3.26) 
f]i =yiu + (3'^^, i>l, (3.27) 

where (3q , t)* are constants obeying 

n n 

v' = Y,v'd„ (3l = J2(3i^d,. (3.28) 

i=i i=i 

The function / is following 



Bsmh{^/C{u-uo)), C > 0, w^i > 0; 
. Mdi-l)\'/\u-uo), C = 0, <i>0; 
^ ^ 5sin(v^(M-no)), C<0, <i > 0; ^ ' 

Bcosh{VC{u-uo)), C>0, <i<0. 

where uo and C are constants and 



For 7o we get 



7o = /3^-ln|/|. (3.31) 
The energy integral of motion Ejs corresponding to Lp reads (see Appendix) 

Using fl3.26p . f l3.27p and f l3.3ip we are led to the relation for the metric 



^7 = |/|— exp [2{v'u + /3o')] {wdu ® du + fg') + e^P [2{v'u + f3i,)]g\ (3.33) 

i=2 

The "scalar fields" obey eqs. (I2.15p with the energy constraint 

= IkM^V = ^^1^ - Ig,,v^v^. (3.34) 

Here the constraints fl3.28p on /3q , should be kept in mind and the function / is 
defined in (^M>. 

Relations fl3.28p are equivalent to the following ones 
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^ n ^ n 

= E = YZrj-^ E ^odi. (3.35) 



i=2 «=2 

Using f l3.28p and fl3.35p we exclude and obtain 



n n ^ n n 



1=1 i=l 1=2 j=2 

and hence the relation (13.34^ can be rewritten as follows 



1 " " CH 

^-—riY^^vr + Y.d^{vr = jj-^^ - '^E, > 0. (3.37) 

^ 1=2 i=2 { 1 ) 

In a special case of one (non-fantom) scalar field ( hu = 1 ) and w = —1 this solution 
was obtained earlier in pTj [18], see also [I9]. The solutions with several scalar fields and 
constant hab were presented in [Sni EI] • We note that four- dimensional solutions with one 
scalar field (and electromagnetic one) were obtained earlier in [23]. 

4 Examples of geodesic solutions 

In this section we consider three examples of solutions to geodesic equations corresponding 
to the metric h that may be used for the cosmological type solutions above. 

4.1 Two-dimensional sphere. 

Let h he a. metric on a two-dimensional sphere 5^ 

h = d9 (g) de + siii^ 9d(p (g) dip, (4.1) 

where < ip < 2n and < 6' < vr . The simplest solution to geodesic equations ( I2.15p 
for the metric reads 

if = uju, 6 = 0, (4.2) 

where u is constant. Here = . The general solution to geodesic equations may 
be obtained by a proper isometry 5*0(3)- transformation of the solution from fl4.2p . 

Here and in what follows the first relation in (14. 2 p should be understood as modulo 27i . 

4.2 Two-dimensional de Sitter space. 

Now we put h to be a metric on a two-dimensional de Sitter space dS^ 

h = —dx dx + cosh^ xdf ® dip, (4.3) 
where < ip < 2n and — oo < x < +oo . (For a review on the de Sitter space see [25].) 
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There are three basic solutions to geodesic equations fl2.15p in this case 



^ = uu, X = 0, (4.4) 

X = vu, = 0, (4.5) 

tany9 = sinhx = mw, (4-6) 

where u,v and m are constants. For the energy we have E^p = , —^v"^ and 0, 



for space-hke, time-hke and null geodesies, respectively. The general solution to geodesic 
equations may be obtained by a proper isometry S0{1, 2)- transformation of the solutions 
from 013]) - f O]) . 

4.3 The space with diagonal metric h. 

Here we consider a diagonal metric 

l-l 

h = Eodip ® dip + ^ekAl{Lp)d%l)^ ® dil)^ , (4.7) 

k=l 

where Eq = ±\ , Ek = ±1 ( A; > ) and all Ak{ip) > are smooth functions. 
The Lagrange function for the non-linear sigma model is given by 

L, = l[eo^' + Y.^kAl{m'n (4.8) 

k=l 

Equations of motion for cyclic variables ip'' 

^ {ekAUif)ij') = (4.9) 
yield the following integrals of motion 

EkAliif)^'' = Mfc, (4.10) 

fc = l,...,/-l. 

Another constant of integration is the energy 

E, = l[eo^' + ^ekAl{if){ijr] (4.11) 

k=l 

which due to (l4.1Up reads 

1 

E^ = -[eo^' + Y,E,M',A-\if)]. (4.12) 

k=l 

This relation implies the following quadrature 
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^0 .l2eoE^-Y!^2,e,ekMlA-\^) 

which imphcitly defines the function = ^{u) . 
Another quadratures just following from (14. 101) 

^'-^0=/ duekMkAl\u), (4.14) 

which complete the integration of the geodesic equations for the metric (14.71) . 

For Ak{ip) = exp (Xip) , A 7^ , the metric (14. 7p may describe either a part of de Sitter 
space (if £0 = ~1 ; = ^ , k > 0) or a part of anti-de Sitter space (if ei = — 1 Er = 1 , 
r 7^ 1 ). The case 1 = 3 is of interest in connection with the so-called AWE hypothesis p8] 
(based on Damour-Gibbons-Gudlach approach |29]) aimed to describe the dark sector of the 
Universe. In [27] a four- dimensional de Sitter sigma model coupled to Einstein gravity (e.g. 
describing the current acceleration of the Universe) was studied. 



±{u-uo), (4.13) 



5 Spherically symmetric solutions 

In this section we study a subclass of spherically symmetric solutions with the metric (13.331) 
and "scalar fields" obeying (12.151) and (13.341) . Here is a canonical metric on the sphere 
S^^ and 

w = l, ^, = d,-l, (5.1) 

where lii > 1 . 

Here we assume C > . Then the governing function looks like 



where 



/ = - sinh (fxu) (5.2) 



/i = VC, n = . (5.3) 

di — 1 



For simplicity, we put uq = and /3q = for all i . 
By introducing a new radial variable R = R{u) 



exp [-2H = 1 - ^ = F{R) = F, (5.4) 



with 



R>Ro = (2/i) 1/(^1-1), (5.5) 
the solution for the metric can be rewritten as follows 
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g = F^-^dR (g)dR + R^F^g^ + 9^^ (5-6) 

1=2 

where 

1 

b = —, tti = — — , 2 < i < n. (5.7) 

«! — 1 /X /i 

Here we assign a metric for the time direction putting down M2 = M and g^ = —dt®dt . 
Then the metric (15 .Gp reads 

n 

g = -F^'^dt ®dt + F^-^dR ®dR + R^F^g^ + ^ F^'g', (5.8) 

i=3 

where due to (13.351) . (13.371) the constants b and Oj satisfy the relations (see (15.31) and 



and 



b=- I 1- > ^d^a' 1 (5.9) 



^rfjaij + ^ dittf = /^^ - Cy. (5.10) 



di — 1 \ ^ — ^ / ^ — ^ di 

^ \i=2 / i=2 ^ 



Here we denote 



= (5.11) 



C C fL^'^""'''' dR dR' 

The "scalar fields" = ^p°'{R) obey the equations of motions 



d 

dR V 



(F(i?)i?'^^/.,.(^)^) + If{R)R''KM%% = 0, (5.12) 



c = 1, . . . , / , which are equivalent to eqs. (I2.15P (see (I5.4p ). 

These equations are nothing more than Euler-Lagrange equations for the action 

Thus we have obtained a family of spherically symmetric solutions to field equations with 
a sigma model source which are given by relations (15. 8p - (15. lip . These solutions are defined 
up to solutions to "scalar fields equations" (15.120 which are in fact the geodesic equations 
for the metric h (12.150 rewritten in the i? -variable. 

Example: the case of constant hab- Let us consider a special case when hab{f) = hah 
are constants. It follows from (I2.27P and (15. 4 p that 
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V9« = ^g'^lnF(i?) + vP^, (5.14) 

where (f = —v'^/Jj, and ip^ are integration constants, a = For the energy- 

parameter we get from (12.281) 

= /la^gV. (5.15) 

Due to Hilbert-Einstein field equations (12. 2 p (with Tmn from (12. 3p ) we get the following 
relation for the scalar curvature 

R[g] = g^'^^RMN = /'^Tm^/(1 - D/2) = /^^/.,,(^)9m^"9^^'. (5.16) 
which implies (for the solution under consideration) 

R[9] = F'-'ha,(v)^^% = e,fR-''^F~''\ (5.17) 
Due to (I5.16P the Hilbert-Einstein equations (12.20 can be rewritten in an equivalent form 

Rmn = hab{^)dMip°'dN^''. (5.18) 

In what follows we denote 

n 

bo = ^diai. (5.19) 

i=2 

We remind that is defined by (15. lip and obeys the inequality following from (I5.10p 

< (5.20) 
Proposition 1. For all ai and obeying ( 15. iOI) 



/ M (di - l)(D-di - 1) / di 

Maximum and minimum of the function bo{a) are attained at the points a_|_ and a_ , re- 
spectively, where a± = (a±,i) 



for i = 2, . . . ,n 



Proof. For e<^ = the proposition is trivial. Let us consider the case A = -^^ — e^p > 
. We prove the proposition by the method of Lagrange multipliers. We introduce a new 
variable A called a Lagrange multiplier, and study the Lagrange function defined by 

bo{a,X) = boia)-X{Q{a)-A), (5.23) 

where 
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1 / " \ 2 n 

1 \i=2 / i=2 



(5.24) 



For the points of extremum we get 



§^0 « Q^A, 



^ 



2A 



1 " 



0, 



(5.25) 
(5.26) 



2, . . . ,n 



It follows from fl5.26p that all are coinciding 

(4 - 1) 1 



- D-2 2X <5-2^' 
for 2 = 2,...,n. The substitution of f l5.27p into relation f l5.25p gives us two points of 
extremum of the function bo{a) on the (n — 2) -dimensional ellipsoid Q{a) = A which are 
given by relations (15.221) . The point a+ is the point of maximum and a_ is the point 
minimum. We get the inequality &o(c^-) < boi^a) < 6o('2+) coinciding with (I5.2ip . The 
proposition is proved. 

Proposition 2. Let 7^ and 



di{D - 1) ^ di 

D-di-l ^ ^'^ - 



(5.28) 



Then the scalar curvature R[g\ for the metric / (5. &\) with parameters b , ai obeying / 1 5. 9\) 
and ( (5. iOj) is divergent at R = Rq + , i.e. 



(5.29) 



Proof. It follows from the Proposition 2 and the first inequality for the energy parameter 
in f l5^ that 

|&o(a)| <cii, (5.30) 

and hence {di > 1) 

-l-b = -^i-di + bo) <0. (5.31) 

Using the relation for the scalar curvature (I5.17p . the inequality (I5.3ip and 7^ we get 
the divergence of R[g] for R ^ Rq . This completes the proof of the proposition. 

Now we consider the special case = . In this case the stress-energy tensor for ip 
vanishes and the metric g is Ricci-flat, i.e. RmnIq] = 0. Thus we are led to a vacuum solu- 
tion from [M] which was considered in [26]. Recently the solution from [34] was intensively 
studied in [35] . 

In what follows we are interested in the case of non-zero gravitational mass, i.e. we put 
a2^0. 
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Proposition 3. Let g be a metric Ii5.8\) with the parameters b , ai obeying \5. 9\) . \5.10^) . 
= and 02 7^ . Let the Riemann tensor squared for any metric g^ , i = 3, ...,n , obey a 
self-boundedness condition 

k = Rm,n.p,,,R"''''''''n9'] > Q, (5.32) 

for some Ci . Then for all sets a = (a2,...,cin) 7^ (1)0, ...,0) the Riemann tensor squared 
for the metric ( (5. 8\) is divergent at R = Rq + , i.e. 

RmnpqR^'^^^^19] +00 for R^Rq. (5.33) 

The Proposition 3 is a special case of the Proposition 6 from [26]. The Propositions 2 
and 3 may be summarized as the following proposition. We note that the condition f l5.32p 
is satisfied for any metric g^ of Euclidean signature since Jj > in this case. It is valid also 
for any g'^ of dimension di = 1 and for any Ricci-fiat g^ of dimension (i, = 2, 3 since in all 
these cases the Riemann tensor of g"^ is zero and hence /j = . 

Proposition 4. Let g be a metric Ii5.8\) with the parameters b , obeying \5. 9\) . Ii5.10\) . 
02 7^ and Ii5. 28\) . Let the Riemann tensor squared for any metric g^ , i = 3, ...,n , obey a 
self-boundedness condition l^5.32\} . Then the regular horizon of the metric 1^5. 8\} at R = Rq 
takes place if and only if 

a2 - 1 = as = ... = an = = 0. (5.34) 

The Proposition 4 may be considered as a restricted version of the "no-hair" theorem 
for the metric (15. 8p . For the case of the positive-definite sigma model metric hab{f) (i-e. 
when > 0) it was proved for more general assumptions in [36J (see Theorem 5 therein). 

For the set of parameters from (15.341) we get 

n 

9 = 9T + Y,9\ (5.35) 

i=3 

where gx = —Fdt ®dt + F~^dR ® dR + R^g^ is the metric of the (2 -|- di) -dimensional 
Tangherlini black hole solution [30j. 

Remark. Let all hab be constant. Then the relation e<^ = reads as habq°'q^ = , 
where the scalar charges appeared previously for the scalar field solutions ( I5.14p . For 
the positive- or negative-definite matrix hab we get q"" = Q for all a . If the matrix {hab) 
is a semi-definite one, i.e. it has a signature (—,...,—, -|-, -|-) then there exist solutions 
V?'* (I5.14P with two or more non-zero q'^ . However these solutions are singular on a horizon. 
The only regular solutions are trivial ones = So, we do not obtain non-trivial "scalar 
hairs" in the case of constant hab ■ Analogous situations takes place for the dS"^ sigma model 
solution with e<^ = (see (14. 6p ): = arctan(ig In F(i?)) , x = arcsinh(|glnF(_R)) with 
q = —m/fL 7^ . These solutions are also singular at the horizon. 

The PPN parameters for di = 2 . Let us consider the case di = 2 . The pure 
gravitational solution (without scalar fields) was obtained in cite [31] and generalized to the 
scalar- vacuum case (with one scalar field) in [32j, see also [33]. The calculations of PPN 
parameters for a 4-dimensional part of the metric (15.81) with a2 7^ 
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9 



-F^^dt ^dt + F^-^dR ®dR + R^F^g^, 



(5.36) 



and F = 1 — give us the following relations |37l |38] (see also |39] ) 



/3 = 1, 7 = H } ditti. 

1=3 




(5.37) 



For 



n 




(5.38) 



i=3 



and 02 7^ we are led to a subclass of solutions with /3 = 7 = 1 for the 4-dimensional 
metric f l5.36p . The solution of such type were called in [39j (for pure gravity) as latent solitons 
|39j . The four- dimensional section of the latent soliton metric gives the same PPN parameters 
(3 = 1 and 7 = 1 as the Schwarzschildian metric does, i.e. gravitational experiments lead 
to the same results for g^^^ and for the metric of the Schwarzschild solution. 

6 Conclusions 

In this paper we have considered a D -dimensional model of gravity with non-linear "scalar 
fields" governed by a sigma model action (as a matter source). The model is defined on the 
product manifold M , which contains n Einstein factor spaces Mi, . . . M„ . 

We have obtained general cosmological type solutions corresponding to the field equations 
in two cases: when either all factor spaces are Ricci-flat or when only one factor space. Mi , 
has nonzero scalar curvature. The solutions are defined up to solutions of geodesic equations 
corresponding to the sigma model target space. We have considered several examples of 
sigma models, e.g. with and dS"^ target spaces. It is shown that for certain parameters 
cosmological solutions may describe an accelerated expansion of 3-dimensional factor space. 

Here we have also studied a subclass of spherically symmetric solutions with sinh- 
behaviour of the governing function / from f l3.29p . We have proved a restricted version of 
the "no-hair theorem" (Proposition 4) when the scalar energy parameter obeys restriction 
( I5.28P and all factor space metrics g^ , i = 3, . . . ,n , have Euclidean signatures. We have 
found for rfi = 2 a subclass of latent solitonic solutions generalizing those from ref. 

An open problem here is to generalize the "non-hair" theorem for the case of all types of 
the governing function / and all values of the energy parameter as it was done recently 
for D = 4 case (with one scalar field) in |40] . 



This work was supported in part by the FTsP "Nauchnie i nauchno-pedagogicheskie 
kadry innovatsionnoy Rossii" for the years 2009-2013. 
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Appendix 



A Solutions governed by Liouville equation 

Here we consider a Toda-like system with the following Lagrangian 



L = -(/3,/3)-Aexp(2(6,/3)), 



(A.l) 



where /3eM", A ^ 0, b . Here (in Appendix) /? = ^ • The scalar product for 
vectors belonging to is defined by 

{vi,V2) =Gijvivi, (A.2) 

where (Gjj) is a non-degenerate symmetric matrix (e.g. given by fl2.10p ). 
The Lagrange equations corresponding to the model (lA.ip read (in a condensed vector 
form) 



(3 + 2Abexp{2{b,/3)) = 0. 

Let (6, b) ^0. 

Eqs. f lA.Sp is exactly integrable and the solution may be written 



(A.3) 



{b,b) 



q + vt + l3o, 



where {b,b) ^ and f,/3o G are constant vectors obeying 

(t;,6) = (/3o,&) = 0. 
The function q = q{t) obeys the Liouville equation 

q + 2A{b,b)e^'^ = 0. 
The solution to Liouville equation reads 



(A.4) 



(A.5) 



(A.6) 



where 



q = -Wl 



(A.7) 



/ 



Bsmh{VC{t-to)), C>0, A<0 
|2A|i/2(t-to), C = 0, A<0 
Bsm{^/^{t-to)), C<0, A<0 
|5|cosh(v^(t-to)), C>0, A>0 



here we put A = A{b, b) and 



B 



'2|A(6,6)| 



\C\ 



{k.i 



(A.9) 
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The energy function corresponding to the Lagrangian flA.ip reads 



After substitution of (1A.4I) to ( lA.lOl) we obtain 



E = Et + -{v,v), 



where 



El 



2(6,6) 



Due to flATfl) and (Ml) we get 



E. 



C 



2(6,6)' 



(A.IO) 



(A.ll) 



(A.12) 



(A.13) 



Proposition 1 A. For (6, 6) 7^ all solutions to Lagrange equations flA.Sp are covered 
by the relations (0]), f lA3|) . ^Kl\ and f lATSjl . 



Proof. 



It is obvious that the solutions (lA.4p . (lA.SP with q from f lA.7p . (1A.8|) obey the 
equations of motion ( ]A.3ll . 



Let us show that the relations f lATil) . f lAlSl) . (IATtI) and f lAlSl) followed from f lAlall . 



Let q = {b, (3) , y = (3 — {bq) / (6, 6) . It is obvious that (6, y) = . It follows from flA.Sp 
that the equation f lA.6P is satisfied identically and 



y = =^ y = vt + (3o, 

where constant vectors v and /3o obey (due to (6, y) = 0) 

{b,v) = {b,/3o) = 0. 



Hence 



^ bq bq 
P = TTTV +y = ITIT + ^t + /3o, 



(A.14) 

(A.15) 
(A. 16) 



{b,b) ' {b,b) 

where q = q(t) obeys ( 1A.6I) and hence it is given by relations ( 1A.7I) and ( 1A.8I) . 
The Proposition lA is proved. 

Let us introduce a dual vector u = {ui) : Ui = GijV . Then we get «(/?) = = (6, (3) 
{u,u) = G^^UiUj = {b,b) , where ((?*•') = (Gij)^^ , and the solution (1A.4P reads 



f3' 



i = 1, . . . ,n , where {u, u) 7^ 



[U, u 



-\ii\f\+vH + pl 



(A.17) 
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u(v)=u,v' = 0, m(/3o) = = 0, (A. 18) 

and the function / is defined in flA.81) with 



5 = W^^^, A = Aiu,u). (A.19) 



For the energy ( ]A.12I) we obtain from ( lA.lip and (1A.13P 



E = — ^ + -Gijv'v^. (A.20) 



C 1 
2{u,u) ^ 2 

Example. Let us consider a Lagrange system from Section 3 with parameters: A 



f ^ic/i , Ui = u] ' = -6} + di, di>l. Then due to l^:2^ and (E^SD we get u' = -^-^^ and 



fw, = — 1 < . The solution reads 



p' = -A_in\f\+vH + Pl (A.21) 



i = 1, . . . , n , with constraints 



i = ^t;V„ Pl = J2^'od, (A.22) 



i=l 1=1 



imposed. In f[0|l we should put A = f ^i(l - rfi) and 5 = y ^^^^^ • 
For the energy we get 

Gd 1 

E = , \ , + -GM. (A.23) 
2(1 -di) 2 ^ ^ 
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